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Dispersive shock waves in thermal optical media belong to the third-order nonlinear phenomena,
whose intrinsic irreversibility is described by time asymmetric quantum mechanics. Recent studies
demonstrated that nonlocal wave breaking evolves in an exponentially decaying dynamics ruled
by the reversed harmonic oscillator, namely, the simplest irreversible quantum system in the rigged
Hilbert spaces. The generalization of this theory to more complex scenarios is still an open question.
In this work, we use a thermal third-order medium with an unprecedented giant Kerr coefficient, the
M-Cresol/Nylon mixed solution, to access an extremely-nonlinear highly-nonlocal regime and realize
anisotropic shock waves. We prove that a superposition of the Gamow vectors in an ad hoc rigged
Hilbert space describes the nonlinear beam propagation beyond the shock point. Specifically, the
resulting rigged Hilbert space is a tensorial product between the reversed and the standard harmonic
oscillators spaces. The anisotropy turns out from the interaction of trapping and antitrapping
potentials in perpendicular directions. Our work opens the way to a complete description of novel
intriguing shock phenomena, and those mediated by extreme nonlinearities.
Dispersive shock waves (DSWs) are widespread non-
linear phenomena in physics, from hydrodynamics [1–3]
to acoustics [4], from Bose-Einstein condensates [5–10]
to plasma physics [11], and from quantum liquids [12] to
optics [13–35].
In optics and photonics, when light propagates in a
medium whose refractive index depending on the beam
intensity, (e.g., light experiences the Kerr effect [36]), the
interplay between diffraction (or dispersion) and nonlin-
earity can lead to steep gradients in the phase profile,
and, in some cases, to a wave breaking [35]. Such dis-
continuity is regularized by very rapid oscillations, both
in phase chirp and in intensity outlines, called undular
bores [18]. If we slightly mutate this third-order non-
linearity, making it nonlocal (or noninstantaneous), then
the phenomenology changes very little. When the phase
chirp reaches the discontinuity and starts to oscillate, the
intensity does not develop undular bores, but rather the
annular collapse singularity (ACS) (or M-shaped singu-
larity if the beam is 1 + 1-dimensional) [27, 28, 35, 37].
Spatial collapse-DSWs occur in thermal media, where the
radiation-matter interaction is led by a thermo-optic ef-
fect, and the refractive index perturbation depends on
the whole intensity profile [35, 36].
Theoretically, such modification to the Kerr nonlin-
earity has significant consequences. Laser beam propa-
gation in a standard Kerr medium is ruled by the non-
linear Schro¨dinger equation (NLSE), exactly solvable by
the inverse scattering transform method [38–40]. How-
ever, the NLSE with a nonlocal potential cannot be
solved by inverse scattering transform (despite some re-
cent progress in two-dimensional (2D) media [41, 42]),
but only through the Whitham modulation and the hy-
drodynamic approximation [43]. Moreover, the dynamics
beyond the shock appears to be intrinsically irreversible,
as recently shown by applying the time asymmetric quan-
tum mechanics [44–55] to the description of DSWs in
highly nonlocal approximation [25, 26, 28, 35, 56].
In highly nonlocal Kerr media, the ACS is modeled
by the simplest Hamiltonian of time asymmetric quan-
tum mechanics: the reversed harmonic oscillator (RHO).
This Hamiltonian has a real complete continuous spec-
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2trum, which corresponds to a basis of eigenfunctions that
have simple poles in their analytical prolongations to
the complex plane. Since the RHO is a harmonic os-
cillator (HO) with a pure imaginary frequency, starting
from the HO complete point spectrum, it turns out that
the RHO point spectrum is the set of the mentioned
simple poles, and the related eigenfunctions are non-
normalizable eigenvectors belonging to a rigged Hilbert
space, called Gamow vectors (GVs) [57, 58]. Light prop-
agation beyond the collapse is then expressed as a super-
position of GVs, which exponentially decay with quan-
tized decay rates. Such laser beam evolution is the out-
come of a phenomenon, the shock, that is intrinsically
irreversible: in the absence of absorption and interaction
with an external thermal bath, the dynamics cannot be
inverted, i.e., it is time asymmetric. Can this theoretical
model be used to describe much more complex scenarios?
To answer this question, we need to access regimes with
much stronger nonlinearity.
In recent experiments, it is showed that M-
Cresol/Nylon solutions exhibit an isotropic giant self-
defocusing nonlinearity, tunable by varying the nylon
concentration [59]. M-Cresol/Nylon is a thermal chem-
ical mixture, consisting of an organic solvent (m-cresol)
and a synthetic polymeric solute (nylon). The nonlinear
Kerr coefficient n2 of pure m-cresol is −9× 10−8cm2/W ,
but it was found that, in such mixtures, n2 = −1.6 ×
10−5cm2/W for a nylon mass concentration of 3.5%,
higher than other thermal nonlinear materials in which
ACSs have been observed [24, 35].
In this Letter, we report on our theoretical discov-
ery and experimental evidence of optical DSWs with an
anisotropic zero-singularity (ZS) (i.e., a gap in the inten-
sity profile along only one direction) in M-Cresol/Nylon
solutions. Fixing z as the longitudinal and x, y as the
transverse directions, we consider an initial beam which
is even in the y direction, and odd along the x direc-
tion. This initial condition causes a new phenomenon:
the shock does develop an annular collapse, but around
the ZS it presents an abrupt intensity discontinuity. We
theoretically analyze this anisotropic wave breaking. We
model the beam propagation beyond the shock point by
time asymmetric quantum mechanics and uncover the
mechanism that determines how such an abrupt inten-
sity discontinuity is generated. We numerically simulate
these results and find remarkable agreement between ex-
perimental outcomes and theoretical predictions.
For a laser beam propagating in a thermal medium
with refractive index n = n0 + ∆n[|A|2](R), where R =
(R⊥, Z) = (X,Y, Z), the NLSE describes the evolution
of the envelope A(R) of the monochromatic field E(R) =
Eˆ0A(R)e
ıkZ , and it reads as follows:
2ık∂ZA+∇2R⊥A+ 2k2
∆n[|A|2]
n0
A = −ı k
Lloss
A, (1)
where ∇2R⊥ = ∂2X + ∂2Y , k = 2pin0λ is the wavenumber,
λ is the wavelength, and Lloss is the linear loss length.
By defining I = |A|2 the intensity, P¯ (Z) = ∫ ∫ dR⊥I(R)
the power, Ld = kW
2
0 the diffraction length, with W0
the initial beam waist, and α = LdLloss , it turns out that
P¯ is not conserved only if α 6= 0. Indeed, if α ∼ 0, then
∂Z P¯ ∼ 0 [60].
In low absorption regime, the refractive index pertur-
bation in Eq. (1) is [35]
∆n[|A|2](R⊥) = n2
∫ ∫
dR′⊥K(R⊥ −R′⊥)I(R′⊥), (2)
with n2 the Kerr coefficient and K(R⊥) is the kernel
function describing the nonlocal nonlinearity, normalized
such that
∫ ∫
dR⊥K(R⊥) = 1. For K(R⊥) = δ(R⊥)
we attain the well-known local Kerr effect, i.e., n =
n0 + n2I [36]. In our nonlocal case, where the laser
beam produces a thermo-optic effect that generates an
isotropic variation of the medium density distribution,
the response function is
K(X,Y ) = K˜(X)K˜(Y ), K˜(X) =
e
− |X|Lnloc
2Lnloc
. (3)
Here Lnloc is the nonlocality length [17, 34, 61–63]. We
rescale Eq. (1), with α ∼ 0, by defining the dimensionless
variables x = X/W0, y = Y/W0 and z = Z/Ld, and
obtain
ı∂zψ +
1
2
∇2r⊥ψ + χPK0 ∗ |ψ|2ψ = 0, (4)
where r = (r⊥, z) = (x, y, z), ∇2r⊥ = ∂2x + ∂2y , ψ(r) =
W0√
P¯
A(R), χ = n2|n2| and P =
P¯
PREF
with PREF =
λ2
4pi2n0|n2| . The asterisk in Eq. (4) stands for the con-
volution product, while K0(x, y) = K˜0(x)K˜0(y) with
K˜0(x) = W0K˜(X) =
e−
|x|
σ
2σ , K˜0(y) of the same form,
and σ = LnlocW0 the nonlocality degree.
In highly nonlocal approximation (σ >> 1), once the
initial conditions are fixed, |ψ|2 mimics a delta function
(or a narrow superposition of delta functions), and the
nonlocal potential looses its I-dependence, becoming a
simple function of the transverse coordinates [61, 64]:
K0 ∗ |ψ|2 ' κ(r⊥) ' κ(0) + (∂xκ|r⊥=0)x+ (∂yκ|r⊥=0) y+
+ 12
(
∂2xκ|r⊥=0
)
x2 + (∂x∂yκ|r⊥=0)xy + 12
(
∂2yκ|r⊥=0
)
y2,
(5)
after a Taylor second-order expansion. This approxima-
tion maps the NLSE in Eq. (4) into a linear Schro¨dinger
equation ı∂zψ(r) = Hˆ(p⊥, r⊥)ψ(r), with Hˆ(p⊥, r⊥) =
1
2 pˆ⊥
2 + Vˆ (r⊥) the Hamiltonian, pˆ⊥ = (pˆx, pˆy) =
(−ı∂x,−ı∂y) the transverse momentum and Vˆ (r⊥) =
−χPκ(r⊥)1 the multiplicative potential (1 is the iden-
tity operator). Let us consider the initial condition
ψISO(r⊥) = ψeven(x)ψeven(y), ψeven(x) =
1
4
√
pi
e−
x2
2 ,
(6)
3and ψeven(y) of the same form. The shape of κ(r⊥) de-
pends on ψISO(r⊥). Indeed, since ψISO is an even, sep-
arable function, all the first derivatives in Eq. (6) van-
ish, hence κ(r⊥) = κ20 − 12κ22 |r⊥|2, where κ20 = 14σ2 and
κ22 =
1
2
√
piσ3
.
FIG. 1. Solution of the NLSE (4) with initial condition (6),
for P = 4×106 and σ = 120, in arbitrary units: (a) shows the
intensity transverse profile at z = 0, (b) exhibits the symmet-
ric response function derived from Eq. (6), and (c) reports the
intensity longitudinal outline, here on the plane (x, z), equal
to one on the plane (y, z).
In the defocusing case (n2 < 0), the transverse profile
of the solution of Eq. (4) with initial condition (6) is
shown in Fig. 1(a). Figure 1(b) exhibits the central part
of the symmetric response function K0(x, y), while the
longitudinal profile on x, z (same of y, z) is reported in
Fig. 1(c). The corresponding Hamiltonian reads Hˆ =
Pκ20 + HˆRHO(px, x) + HˆRHO(py, y), where
HˆRHO(px, x) =
1
2
pˆx
2 − γ
2
2
xˆ2 (7)
is the 1D-RHO Hamiltonian of frequency
γ =
√
Pκ2. Once moved to φ(r) = e
ıPκ20ψ(r),
the Schro¨dinger equation becomes ı∂zφ(r) =[
HˆRHO(px, x) + HˆRHO(py, y)
]
φ(r), which is completely
separable. In bra-ket notation
ı ddz |φ(z)〉 = HˆISO(p⊥, r⊥)|φ(z)〉,
HˆISO(p⊥, r⊥) = HˆRHO(px, x)⊗ 1y + 1x ⊗ HˆRHO(py, y),
|φ(z)〉 = |φeven(z)〉x ⊗ |φeven(z)〉y,
(8)
with ⊗ the tensorial product, no more explicitly writ-
ten hereafter. The solution of Eq. (8) lives in a tenso-
rial product between two 1D rigged Hilbert spaces. In-
deed, if we consider the evolution operator Uˆ(z) = e−ıHˆz
such that |φ(z)〉 = Uˆ(z)|φ(0)〉, for Eq. (8) |φ(z)〉 =
e−ıHˆRHOz|ψeven〉xe−ıHˆRHOz|ψeven〉y. The representation
of |φeven(z)〉x,y = e−ıHˆRHOz|ψeven〉x,y in terms of GVs
was already studied and was also already demonstrated
to describe 1D DSWs in thermal media [25, 26, 28, 35,
56]. It is |φeven(z)〉x,y = |φGN (z)〉+ |φBGN (z)〉, with
|φGN (z)〉 =
N∑
n=0
e−
γ
2 (2n+1)z|f−n 〉〈f+n |ψeven〉 (9)
the decaying superposition of Gamow states |f−n 〉, corre-
sponding to the energy levels ERHOn = ı
γ
2 (2n + 1), and|φBGN (z)〉 the background function, both belonging to the
same 1D rigged Hilbert space.
Our experiments are performed in an isotropic medium
with asymmetric initial conditions for the beam, designed
through a phase mask, to attain an anisotropic light
propagation. The setup is illustrated in Fig. 2(a). A
laser beam with wavelength λ = 532nm passes through
two collimating lenses (L1 and L2), and then through a
beam splitter (BS1), which divides the beam into two
arms, one used for the nonlinear experiment, and the
other for getting a reference beam for interference mea-
surements. The beam outcoming from the first arm is
transformed into an asymmetric input by a phase mask,
and then is focused (via L3) onto the facet of a 2mm-
long cuvette, which contains a M-Cresol/Nylon solution
(with 3.5% Nylon). The output is imaged (via L4 and
BS2) onto a CCD-camera.
Figure 2(b) reports the input beam (zoom-in intensity
and phase patterns at initial power P¯ = 2mW and waist
W0 = 15.8µm) and its outputs at different initial powers.
The input beam presents a phase discontinuity of pi along
x = 0. The output beam exhibits diffraction at a low
power, but evolves into an overall shock pattern with two
parts at high powers. It’s important to note that, while
the whole pattern expands, the gap between two parts
remains constant. This represents the first realization
of what we define as anisotropic DSWs: ACSs with an
initial ZS, which generates two barriers of light intensity
around a constant gap in the middle of the beam. Despite
the medium isotropy, the oddity of the initial condition
generates an anisotropic final transverse profile.
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FIG. 2. (a) Experimental setup. A λ = 532nm CW-laser
beam is collimated through two lenses (L1 and L2). A beam
splitter (BS1) divides the beam in two arms. the first is made
asymmetric by a phase mask and propagates in a 2mm-long
cuvette filled with M-Cresol/Nylon 3.5%-solution. The sec-
ond is a reference beam for interference measurements. The
output is imaged (via L4 and BS2) onto a CCD-camera. (b)
Input and outputs observed. The phase mask in (a) generates
a pi discontinuity in the input phase, here reported with initial
power P¯ = 2mW and waist W0 = 15.8µm, together with the
intensity profile. Several output at different initial powers are
shown. The low power cannot distinguish nonlinear effects
from diffraction, but the higher the power is, the stronger the
nonlinear effects are, leading to the formation of anisotropic
DSWs.
We model the initial asymmetric beam-shape as fol-
lows:
ψANI(r⊥) = ψodd(x)ψeven(y), ψodd(x) = −
√
2
4
√
pi
xe−
x2
2 ,
(10)
ψeven(y) =
1
4
√
pi
e−
y2
2 as in Eq. (6). In this case, Eq. (5) is
reduced to κ(r⊥) = κ20 +
1
2κ
2
1x
2 − 12κ22y2, with κ20 = 14σ2 ,
κ21 =
1
4σ4 and κ
2
2 =
1
2
√
piσ3
.
The anisotropy appears evident: not only the initial
condition presents a ZS, but also the response function
has two different behaviors along x, y directions. Numeri-
cal simulations are illustrated in Fig. 3. Figure 3(a) shows
the anisotropic DSWs, solution of the NLSE (4) with ini-
tial condition (10). Figure 3(b) gives numerical proof of
the response function anisotropy: the (x, y)-plane origin
corresponds to a saddle point, with a locally increasing
profile along x > 0, y < 0 and a locally decreasing outline
along x < 0, y > 0. Figure 3(c) reports the intensity-ZS
in a neighborhood of x = 0 during propagation.
The presence of the saddle point in the response func-
tion has direct consequences through highly nonlocal
FIG. 3. Solution of the NLSE (4) with initial condition (10),
for P = 4×106 and σ = 120, in arbitrary units: (a) shows the
intensity transverse profile at z = 1, (b) exhibits the asym-
metric response function derived from Eq. (6), and (c) reports
the intensity longitudinal outline on the plane (x, z), with the
zero-singularity.
approximation in mapping the NLSE in the quantum-
like linear Schro¨dinger equation. From the expression of
κ(r⊥) above, for φ(r) = eıPκ
2
0ψ(r) we obtain
ı ddz |φ(z)〉 = HˆANI(p⊥, r⊥)|φ(z)〉,
HˆANI(p⊥, r⊥) = HˆHO(px, x)1y + 1xHˆRHO(py, y),
|φ(z)〉 = |φodd(z)〉x|φeven(z)〉y,
(11)
where HˆHO(px, x) =
1
2 pˆx
2 + ω
2
2 xˆ
2 is the one-dimensional
harmonic oscillator Hamiltonian with ω =
√
Pκodd,
and HˆRHO is the one-dimensional RHO Hamiltonian in
Eq. (7). The solution of Eq. (11) is the tensorial prod-
uct of |φodd(z)〉x =
∑+∞
n=0 e
ıω2 (2n+1)z|ΨHOn 〉〈ΨHOn |ψodd〉,
where |ΨHOn 〉 are HˆHO-eigenstates corresponding to the
energy levels EHOn =
ω
2 (2n + 1) [55], and |φeven(z)〉y =|φGN (z)〉+ |φBGN (z)〉, explicitly written in Eq. (9).
Evidence of the presence of GVs is given in Fig. 4. By
defining Γn = γ(2n + 1), we look for the first two quan-
tized decay rates Γ0,2 (the even Gaussian initial function
only leads to even energy levels) in the longitudinal prop-
agation in y-direction. Indeed, if one computes the in-
tensity of the y-part, one finds 〈φeven(z)|φeven(z)〉y N>>0'
〈φGN (z)|φGN (z)〉 =
∑N
n=0 e
−Γnz |〈f+n |φeven〉|2. Figure 4(a)
shows the theoretical section of the nonlinear sample
5FIG. 4. GVs signature. From Fig. 3, in the same conditions,
(a) is the y, z profile at fixed x = 2.29. Intensity along the pink
line, i.e., |φ(x = 2.29, y = 2.29, z)|2 = 〈φeven(z)|φeven(z)〉y =∑N
n=0 e
−Γnz ∣∣〈f+n |φeven〉∣∣2, is in (b) [Γn = γ(2n + 1) quan-
tized decay rates]. The continuous lines represent the two
first exponential functions of the summation above that fit
the decaying part: the red line is the fundamental GV, with
decay rate Γ0, and the blue line is the first excited GV, with
decay rate Γ2.
where we seek decaying states. We fix x = 2.29, a
little distant from the shock-gap, and report the corre-
sponding intensity in y, z plane. The pink line is equiv-
alent to x = y = 2.29. Figure 4(b) exhibits |φ(x =
2.29, y = 2.29, z)|2, exponentially decaying. Two expo-
nential fits demonstrate the GV occurrence: the funda-
mental Gamow state represents the plateau with decay
rate Γ0 = 1.51, whereas the first excited one interpolates
the peak, with decay rate Γ2 = 7.51. We stress that the
rule Γ2Γ0 = 5 is respected.
The analysis of the barriers, due to the HO compo-
nent, and the corresponding shock-gap is also exami-
nated. Since HˆHO has potential VˆHO(x) =
ω2
2 xˆ
2, we
expect a shock-gap with the same behavior of the po-
tential width ∆x ∝ 1√
ω
= 2σ
2√
P
, that is, a shock-gap that
varies among different experiments by changing the ini-
tial power but, in a single observation with a given P ,
does not change by varying z [as shown in Fig. 3(c)].
This is experimentally proven and reported in Fig. 5,
which shows measurements of the shock-gap at variance
of initial power P¯ . A theoretical fit with a function ∝ 1√
P¯
is drawn in the red line. The agreement between observa-
tions and numerical simulations confirms the theoretical
0 10 20 30 40 50
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FIG. 5. Observation of the shock-gap versus the initial power
P¯ . The red line shows the theoretical fit with a functions
∝ 1√
P¯
.
statement.
We have proved that the interplay of a trapping (har-
monic oscillator) and an antitrapping (reversed harmonic
oscillator) potential generates a novel kind of dispersive
shock waves, with the simultaneous presence of annular
collapse singularities and a shock-gap enclosed by very
intense light barriers. The use of a thermal medium
with a giant Kerr coefficient, the M-Cresol/Nylon solu-
tion with 3.5% of nylon concentration, let us access an
extremely-nonlinear highly-nonlocal regime and perform
accurate experiments with negligible loss. We modeled
the outcoming dynamics through an advanced theoreti-
cal description in rigged Hilbert spaces, by means of time
asymmetric quantum mechanics, proving its intrinsic ir-
reversibility. Our results not only confirm previous stud-
ies on the giant nonlinear response of M-Cresol/Nylon,
but also disclose fundamental insights on propagation
of dispersive shock waves with a singular initial inten-
sity profile. We believe that this work can be a fur-
ther step towards a complete description of optical non-
linear phenomena, where inverse scattering transform,
Whitham modulation, hydrodynamic approximation and
time asymmetric quantum mechanics cooperate in estab-
lishing one uniform theory of dispersive shock waves.
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